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Measuring a Length
2

Here’s a bar …

“True value”
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Here’s the bar as observed with a precision 

measurement system ….

Measuring a Length

“True value”



Measuring a Length
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Here’s the bar as observed with a not-so-precise 

measurement system ….

“True value”



Measuring a Length
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“True value”



Measuring a Length

Here’s an arrow as seen with a not-so-precise 

measurement system that even gets the sign 

wrong!
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Measuring a Length

• Under the same conditions, these errors in the 

length measured by measurement system 

- are fixed from measurement to 

measurement or drifting predictably

- possibly can be modeled mathematically

- to a certain degree, can be corrected. 

• They are of a systematic nature. 
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Measuring a Length

• Other errors in the measured length 

are not predictable, and vary from 

measurement to measurement. 

• They are of a random or statistical

nature. 
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What is a measurement result?

Definition: A measurement result is an estimate of the 

measurand (the property to be measured) and reports an 

evaluation of the associated measurement uncertainty 

comprising one or more of the following:

• Standard uncertainty - the dispersion of values

• coverage region – a set of possible values for the 

measurand that, with a specified probability, is believed 

to include the true value of the measurand

• Probability distribution for the measurand
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What is measurement uncertainty?

• a "parameter, associated with the result of a 

measurement, that characterizes the dispersion of the 

values that could reasonably be attributed to the 

measurand‘’.  (GUM1)

1 Evaluation of measurement data — Guide to the expression of uncertainty in 

measurement (GUM) 
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What is measurement uncertainty?

• a "parameter, associated with the result of a 

measurement, that characterizes the dispersion of the 

values that could reasonably be attributed to the 

measurand‘’.  (GUM1)

• a "non-negative parameter characterizing the dispersion 

of the quantity values being attributed to a measurand, 

based on the information used‘’ (VIM2)

1 Evaluation of measurement data — Guide to the expression of uncertainty in 

measurement (GUM) 

2 International vocabulary of metrology — Basic and general concepts and associated 

terms (VIM)
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What’s the difference between

error and uncertainty?
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• Error - measured quantity value minus a 
reference quantity value

• Uncertainty - A parameter associated with 

the result of a measurement, that 
characterizes the dispersion of the values 
that could reasonably be attributed to the 
measurand



Measurement Equation

• Where the value of interest Y is a function of N 

independent variables 

• Example – voltage V across a resistor R carrying current I:

• Example - input voltage of a high voltage divider:

where K is the voltage divider ratio

• Each input (I, R, K, Vout) can be dependent on many 

influence factors such as  time, temperature, humidity, 

etc.
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Y = f(X1, X2, . . . , XN)

V = I x R

Vin = K x Vout



Types of measurement uncertainty

Based upon how the uncertainty component 

is evaluated, not by “random” or 

“systematic”:

Type A – quantified by statistical methods

Type B – quantified by other means
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Type A Evaluation of Uncertainty
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Typical sources of uncertainty include but are not 

limited to:

- Random fluctuation

- Changes in the output of a calibrator or other voltage 

source (input voltage fluctuation)

- Temperature of a calibration standard

- Uncertainty in discrimination

- Setting a pointer to a mark on a scale (parallax error)

- Interpolation between marked points on a scale 

(resolution error)



Type A Evaluation of Uncertainty
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For n independent observations Xi,k of the input 

quantity Xi    are obtained under the same 

measurement conditions, the estimate of the 

value is usually the sample mean:



Type A Evaluation of Uncertainty
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Using the standard deviation      of  of the 

uncorrected mean as the standard uncertainty           

associated with the observations:

where:

n is the number of measurements

Xi,k are the measured values for k = 1 to n



Normal Distribution Example 18



Type B Evaluation of Uncertainty
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A Type B evaluation of standard uncertainty is usually based on 

scientific judgment using all the relevant information available, 

which may include:

- Previous measurement data

- Experience with, or general knowledge of, the behavior and 

property of relevant materials,

- instruments and reference standards, such as long-term and 

short-term stability

- Effects of environmental conditions

- Manufacturer’s specifications, such as resolution

- Data provided in calibration and other reports,

- Uncertainties assigned to reference values taken from 

published data



Type B Evaluation of Uncertainty
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▬

▬

▬

▬



Uniform Distribution Example 21



Triangular Distribution 22



23Combined Measurement Uncertainty

• This equation is called the law of propagation of uncertainty

• The combined measurement uncertainty, uc(y), is the “root-

sum-of-squares (RSS)” of all the uncertainty components u(xi)

• The partial derivatives          are sensitivity coefficients 

determined from the measurement equation

• All of the uncertainty components are assumed to be 

independent or uncorrelated



Expanded Combined Measurement 

Uncertainty
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U= k uc(y)

• Coverage factor k is selected on the basis of the 

desired level of confidence that the true value of 

the measurand y falls within the range:

y - U  ≤  Y ≤ y + U

But how do you select the k???



Expanded Combined Measurement 

Uncertainty
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• In many practical measurement situations, the 

probability distribution characterized by the 

measurement result y and its combined standard 

uncertainty          is approximately normal 

(Gaussian). This then defines an interval around 

y where the true value of Y is believed to lie with 

a level of confidence of 68%.

=> So k=2 gives a level of confidence of 95%

▬

uc(y)



Expanded Combined Measurement 

Uncertainty
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• When has low degrees of freedom, then a 

value of k other than 2 is needed for a level of 

confidence of p = 95%, so use tp (νeff) for k:

▬

uc(y)



Expanded Combined Measurement 

Uncertainty
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• When has low degrees of freedom, then a 

value of k other than 2 is needed for a level of 

confidence of p = 95%, so use tp (νeff) for k:

▬

uc(y)



Expanded Combined Measurement 

Uncertainty
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• To determine the coverage factor, first determine 

the effective degree of freedom νeff  for         :

Where νi is the degree of freedom for component i, 

and 

▬

uc(y)



Expanded Combined Measurement 

Uncertainty
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• Second, obtain the t-factor tp (νeff) for the required 

level of confidence p from a table of tp (ν) from 

the t-distribution.

- p is typically 95%

- if νeff is not an integer, which is usually the 

case, either interpolate or truncate νeff to the 

next lower integer

▬
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Expanded Combined Measurement 

Uncertainty
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• Third, calculate the expanded combined 

measurement uncertainty:

▬



Useful References
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IEEE Standard 4-2013 IEEE Standard for High-Voltage 

Testing Techniques, Annex D. Evaluation of measurement 

uncertainties

Uncertainty of Measurement Results available at: 

https://physics.nist.gov/cuu/Uncertainty/basic.html

Measurement Uncertainty available at: 

https://www.nist.gov/information-technology-

laboratory/sed/topic-areas/measurement-uncertainty



Useful References (cont’d)
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NIST Technical Note 1297, 1994 Edition,  Guidelines for 

Evaluating and Expressing the Uncertainty of NIST 

Measurement Results available at: 

https://www.nist.gov/sites/default/files/documents/2017/05/0

9/tn1297s.pdf

ISO/IEC Guide 98-3: “Guide to the Expression of 

Uncertainty in Measurement” known as “the GUM”


